
GEOGEBRA: A VITAL BRIDGE LINKING MATHEMATICS WITH O THER 
SCIENCES (AVAILABLE TO EVERYONE) 

 
Pellumb Kllogjeri, Qamil Kllogjeri 

 University “Aleksander  Xhuvani “, Elbasan, Albania (Lecturer)  
pkallogjeri@gmail.com   

University of Gjøvik, Norway, MSc student in Information Security 
mili87k@yahoo.com  

 
Abstract 
Our work is part of the world-wide and ongoing efforts of GeoGebra and other technology 
communities to increase the pace of change in development of new tools to facilitate and faster 
the doing of mathematics, the teaching and learning of mathematics, and teacher education itself. 
Our paper is result of the research done with regard to the applications of mathematics in special 
directions such as: solving problems of physics, biology and astronomy by using technology as a 
bridge. With GeoGebra can be performed lot of simulations of physical phenomena from 
Mechanics discipline and solved computational problems. Our work is part of the passionate 
work of many GeoGebra users which will result with a very rich fund of GeoGebra virtual tools, 
of examples and experiences that will be world-widely available for many teachers and 
practitioners. 
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Introduction 
 
Developments in modern mathematics have been driven by a number of motivations that can be 
categorized into the solution of a difficult problem and the creation of new theory enlarging the 
fields of applications of mathematics. Very often the solution of a concrete difficult problem is 
based on the creation of a new mathematical theory. While on the other hand creation of a new 
mathematical theory may lead to the solution of an old classical problem, (Monastyrsky, 2001).  
Mathematics is one of the key subjects that develops learners to be problem solvers. Essential 
developments did happen in 1970s, when mathematicians returned to more classical topics but 
on a new level. The result was a new convergence between mathematics and physics, deeper 
connections between modern mathematicians and physicists. The application of modern abstract 
mathematics in physics led to new and great discoveries of the 20th Century in the physical 
sciences, the life sciences and technology, a more developed mathematical language, new 
powerful mathematical tools, new applications in other applied sciences including computer 
science and computer technology. The new mathematical tools and the developments in 
computer technology, the development of algorithms, mathematical modelling and scientific 
computing are associated with new discoveries in physics, technology, economics and other 
sciences in the last half of the 20th century and useful connections between these last and 
mathematics.  



“As science, engineering, government and business rely increasingly on computational 
simulations, it is inevitable that connections between those sector and the mathematical sciences 
are strengthened. That is because computational modelling is inherently mathematical”. (The 
Mathematical Sciences in 2025, Pg.62)   

Traditionally, the applications of mathematics were seen in physics and the tools used were 
analysis and differential geometry. In the last part of the 20th century researchers in many other 
sciences understood that the tools of mathematical analysis and differential geometry were no 
longer adequate.  They needed serious mathematical tools, for instance, a biologist needed the 
tools of graph theory to understand the genetic code. Also, the tools of theoretical computer 
science are more useful than those of classical mathematics with regard to the issues of 
information content. Physics discrete systems need use of combinatorial tools while, statistical 
mechanics need tools of graph theory and probability theory. Traditionally economics used 
applied mathematics toolbox but now, economics utilizes sophisticated mathematics in 
operations research such as linear programming, integer programming and other combinatorial 
optimization models, (Lovasz, Laszlo, (1998)).  
 
By the end of the 20th Century, mathematicians understood the need to bridge the division lines 
within mathematics and they challenged to open up more for other disciplines and to foster the 
beliefs and culture of inter-discipline research. This interaction will be further strengthened in the 
21st Century. Efforts are being undertaken in other scientific communities hence, the need for 
mathematics to enrich other scientific disciplines, and vice versa, is most urgent. Mathematicians 
and theoretical physicists are working to bridge the gap in the knowledge of physics: the gap 
between quantum theory and Einstein's general theory which are mutually incompatible. Efforts 
are being undertaken to facilitate collaborative research to train a new generation of 
interdisciplinary mathematicians and scientists. Today not only science, engineering and 
medicine require people that know mathematics and statistics but other fields that look far of 
mathematics need such people as well. The first reason is that all the fields of research need 
specialized in mathematics people to be involved in interdisciplinary teams. Without cooperation 
of people specialized in different fields a certain research will continue for a very long time or 
the results achieved will not thoroughly be true or reliable. The second reason is that the 
mathematical science researchers not only create the tools that are translated into applications 
elsewhere but they are also the creative partners who can adapt mathematical sciences results 
appropriately for different problems. The researchers use the great advances in computing and 
data collection to investigate more complex phenomena and do more precise analyses.   

“Computational simulation now guides researchers in deciding which experiments to perform, 
how to interpret experimental results, which prototype to build, which medical treatments might 
work, and so on.” (The Mathematical Sciences in 2025, Pg.63). 

GeoGebra – a very useful, attractive and developing technology 
GeoGebra is a dynamic mathematics open source software for learning and teaching 
mathematics in schools. It was developed by Markus Hohenwarter and an international team of 
programmers. They have done a brilliant work and from the time that GeoGebra was introduced 
until now are done a great number of progressive steps by many mathematics teachers and 
lecturers throughout the world. GeoGebra combines geometry, algebra, statistics and calculus. 



Geogebra provides the basic features of Computer Algebra System to bridge gaps between 
Geometry, Algebra and Calculus. The software links the geometric constructions shown in 
Geometry window to the analytic equations and coordinates representations and graphs shown in 
Algebra window. 
The default GeoGebra view is consisted of the Algebra View, the Graphics View, the InputBar, 
and the Tool Bar. There are two ways to construct an object in GeoGebra: use of the Tools in the 
Toolbar, or use of the corresponding Command entered in the Input Bar. Regardless of how is 
constructed an object, the algebraic representation of the object will appear in the Algebra View. 
It is this dual representation of objects – visually in the Graphics View and Algebraically in the 
Algebra View – which makes GeoGebra so powerful. 
We can do geometric constructions on the drawing pad of the graphics window and, on the other 
hand, we can directly enter algebraic input, commands, and functions into the Input field by 
using the keyboard. The geometric constructions are done by the mean of the main virtual tools, 
which are found in the set of the toolboxes which are to be opened, selected, activated and used 
during the construction process. In the toolboxes are found the virtual tools with their names 
linked with their functions like: New point, Move, Line through two points, Segment between two 
points etc., alongside which is their picture also. There are also buttons like: Delete object, Move 
drawing pad, Zoom in / Zoom out, Undo / Redo buttons etc… GeoGebra offers more commands 
than geometry tools. GeoGebra environment is very pleasant and attractive because it has game 
features. The virtual tools of GeoGebra can be easily used and played with by anyone of the 
whole school system. According to Hohenwarter and Preiner (2007), GeoGebra appears to be a 
friendly software that can be operated intuitively and does not require advanced skills to get 
started. GeoGebra provides a very comfortable and fruitful environment for research work. This 
environment provides a higher quality education for students and the capable teachers who 
implement creative learning environments with technology for the purpose of maximizing the 
students’ learning success that are desperately needed for  today and the future (Adler et al., 
2005, p. 360). The home for Geogebra applications is http://www.geogebra.org. 

 
Application of math in Biology: Visualization of Pulfrich Phenomenon with GeoGebra                                                         

The Pulfrich phenomenon or effect is a psychophysical perception related to the apparent spatial 
disparity between the two eyes when the sight of one of the eyes is purposely passed through a 
filter. The effect was observed in an experiment with a swinging pendulum that was first 
performed in 1922 by the German physicist called Carl Pulfrich. The classical demonstration of 
the Pulfrich Effect is as following:  The pendulum is swung back and forth and its movement is 
observed with both eyes. Care must be shown that the movements of the pendulum stay in the 
same plane parallel to the viewer's forehead. When viewed normally with both eyes, the 
pendulum just seems to swing back and forth. When a filter is placed in front of one eye, the 
pendulum suddenly seems to be swinging in an ellipse parallel to the floor. In other words, the 
pendulum should appear to be tracing an oval path. This is an optical illusion. Dimming the light 
equally to both eyes does not cause the illusion. To cause the illusion, it is necessary to dim the 
light reaching one eye, by means of one sunglass lens or a smoked piece of glass. This illusion is 
stereoscopic: it occurs only when the moving object is being viewed with both eyes and a filter is 
placed in front of one eye. Anyone can try out this effect with a pendulum, although Pulfrich was 
never able to observe the phenomenon because he was blind in one eye. He explained the 
phenomenon without observing it. For this reason this phenomenon bears his name. 



Joel D. Brauner and Alfred Lit, in a long-range research program, have studied the effects of 
conditions of illumination of visual latency, measured by several different monocular and 
binocular experimental procedures, in which the magnitudes of the far and near displacements of 
the Pulfrich stereo-phenomenon were measured at various levels of illumination (1975).  
As can be understood, the shape of the ellipse depends on the speed of the object which is a 
function of the string’s length and of the maximum angular shift. Much more the shape of the 
ellipse depends on the individual physical and optical features of the observer and the kind of 
lens that is put in front of one eye. So, the shape of the ellipse is an issue of broader scope and 
can be confirmed only by experimental results. It is not our aim to talk more about this. In Fig. 1, 
the apparent path is almost coincident with the ellipse of equation x2 /36 + y2/7 = 1. Our purpose 
is to demonstrate the apparent movement of the pendulum. We have shown a short path 
(considering it linear) of the target (pendulum) in its plane of oscillation which is denoted 
by W1W2. The distance of the plane of oscillation is measured from the midpoint of the line E1E2 
where, E1 represents the left eye and E2 represents the right eye. The filter is placed in front of 
the right eye. Point P represents the swinging object and GP (dotted segment) represents its 
string. The point P1 (red colour object) represents a near position in which the oscillating target, 
at point P, is localized by the observer as the target moves from left to right. The point P2 

represents a far position in which the oscillating target, denoted by P’, is localized by the 
observer as the target moves from right to left.  The point P1 is appeared when the target moves 
from left to right, whereas the point P2 is appeared when the target moves from right to left. The 
intersection points of the lines of sight with the line W1W2 are designated by A and B, when the 
target moves from left to right, and these points theoretically mark the respective positions in the 
path of the oscillating target at which onset of stimulation occurred in each of the two eyes. 
When the target moves from right to the left these points are designated by A’ and B’, 
respectively. Thus, when the target is moving from left to right and appears to be located at the 
near position P1 towards which the eyes are converged, the onset of stimulation for the left eye 
occurs when the target (at P in the figure) is located at point B, and the onset of stimulation for 
the right eye, covered by the filter, occurs when the target is located at point A, a bit farther 
behind in its path.  

             

Fig 1:  The elliptical shape of the apparent movement of Pulfrich pendulum 



The time taken for the target to move from A to P represents the magnitude of the visual latent 
period of the right eye, and the time taken for the target to move from B to P represents the 
slightly shorter visual latent period of the left eye. The applet of demonstration of the Pulfrich 
effect is created using GeoGebra software. We are showing here the details of how the applet is 
created. The Applets pages are created with GeoGebra software and they can be downloaded 
from the wiki.  
Procedure of creating the applet 
Pendulum swinging from left to right (the image of the pendulum appears nearer to the observer) 

1. Open a new GeoGebra window. 
2. Construct a slider with parameter t; Interval: [-6, 18], increment 0.1; Animation: speed 1 

to get average movement of the pendulum, repeat: increasing. 
3. Construct the segment W1W2 and the points E1 E2 representing the eyes. 
4. Define the positions of points A and B in the segment W1W2: enter in the Input field 

“Function[x, -6, 6]” = h(x) corresponding to A, enter in the Input field “Function [1 / 3 
sqrt(36 - x²) + x, -6, 6]” = p(x) corresponding to B. The second function is an elliptical 
one and is purposely chosen in that form in order that when tried the simulation get an 
oval path. Construct points A = (h(t),0) and B = (p(t),0) and P = (p(t)+0.8,0). Point P 
represents the true position of the pendulum and must be the guiding point for A and B. 
The length of segment AB is AB = p(t) – h(t) = 1 / 3 sqrt(36 - t²), which takes the 
maximum value for t = 0 corresponding to the position of the pendulum at the 
equilibrium centre (the highest speed) where the length of segment AB is maximum (the 
difference between the time signals produced by the object in the two eyes is maximum).  

5. Construct the segments E1B and E2A and their intersection point P1 (this is the nearer 
image). 

6. Test the path of the point P1 by right-clicking on point P1 and selecting Trace On in the 
displayed table and, after this, selecting in the slider the option Animation On. 

Pendulum swinging from right to left (the image of the pendulum appears far away of the 
swinging plane with regard to the observer) 

1. Define the positions of points A’ and B’ in the segment W1W2: enter in the Input field 
“Function [-x+12, 6, 18]” = g(x) corresponding to A’, enter in the Input field “Function 
[1 / 3 sqrt (36 - (x - 12)²) - x + 11.3, 6.8, 18]” = s(x) corresponding to B’. The second 
function is an elliptical one and is purposely chosen in that form in order that when tried 
the simulation get an oval path. Construct points A’ = (g(t),0) and B’ = (s(t),0) and                                 
P’ = (g(t)-0.8, 0). Point P’ represents the true position of the pendulum and must be the 
guiding point for A’ and B’ during the swinging.  

2. Construct the segments E1A’ and E2B’ and their intersection point P2 (this is the further 
image). 

3. Test the path of the point P2 by right-clicking on point P2 and selecting Trace On in the 
displayed table and, after this, selecting in the slider the option Animation On. 



Now, you can watch the two phases of the pendulum swinging, even with repetitions. The path is 
almost elliptical. For our applet go to the link, http://www.geogebratube.org/student/m30375  
and watch the simulation. 
 
Reflections, things to be improved and proposal 
We have tried to demonstrate the apparent movement of the pendulum using GeoGebra software. 
As can be seen above, on Fig. 1 is shown a short path of the target (pendulum) which is 
considered linear in its plane of oscillation which is denoted by W1W2. This is a superposition 
which is found in the books we are referred to. Our work is a treat of an existing research using a 
new technology (using software).  Actually the movement of the pendulum is along an arch with 
center at the hanging point of the pendulum system. Our purpose has been to confirm, using 
GeoGebra tools, that the apparent movement of the moving object, when viewed with both eyes 
and a filter is placed in front of one eye, is elliptical. On the other side we have given a detailed 
procedure of how this elliptical trace is got. More precise results are got when we consider the 
real trajectory of the moving object (which is part of a circle). In other words, we replace the 
linear segment denoted by W1W2 with an arch. This is more complicated but the respective 
procedure can be designed by the use of GeoGebra software. For now is left a task for future and 
further research with purpose of improving the results of Pulfrich phenomenon.  
The second purpose of this paper is our new proposal. To observe the Pulfrich effect is used a 
physical model which requires efforts, space and time. These is possible for a limited number of 
people, especially for the specialists of this field. The new proposal is to use a virtual model 
instead of the physical one. Anyone, who is user of GeoGebra software and has good knowledge 
in mathematics, can easily construct such virtual model and use it to observe the Pulfrich effect 
seating in front of the computer screen at a certain distance depending on his/her physical 
features and capacities. More important is that this virtual model can be used in the laboratory of 
the Physics hour or of Biology hour for demonstrative purposes and for explorations and further 
research work. The virtual model is a good option for the teachers and the specialists. 
 
Application of math in Astronomy 
Another applet is created with GeoGebra to simulate the motions of planets of the solar system in 
elliptical orbits. Here we presenting only the procedure. The figure can be found and 
demonstrated at the address given below the procedure. 
The procedure: 

1. Open a new GeoGebra window 
2. Construct a slider with parameter n. Interval: [0, 2000], increment 0.1; Animation: speed 

0.1 to get slow movement of the planets along their orbits, repeat oscillating. 
3. Construct ellipses (orbits) by entering in the Input field their equations, selected in such 

way that they have in common the Sun in one of their focuses. One orbit belongs to a 
comet. The Sun is represented by the yellow circle for which is not difficult to provide its 
equation. 

4. Every planet is represented by a small circle which will move along its respective orbit. 
To provide the movement of the planet we use the virtual tool “Angle with Given Size”. 
Firstly, we construct the intersection point of the ellipse with the positive x-axis using the 
virtual tool “Intersect Two Objects”. Let be this point A, and the coordinative origin O. 
Select the tool “Angle with Given Size” and use it by choosing the side AO as the first 



side of the angle. Will be shown a table, in which we replace the angular measure of 45 
grades by the variable n grade. After this will be shown the other side OA’. The measure 
of the angle is a variable, so it will be changed by the slider when its status is “Animation 
On”. 

5. Define the centre of the planet. Construct the segment OA’ using the virtual tool 
“Segment between Two Points” or “Ray through Two Points”. Construct the intersection 
point of the segment with the ellipse. Let be P1. 

6. Construct the planet represented by a circle. Use the virtual tool “Circle with Centre and 
Radius”, click on the intersection point, appears a table in which we put a small value for 
the radius (for instance 0.3) and click OK. The circle will be displayed. Using Object 
Properties of the dialog box we select the desired colour and its filling. 

Further, we continue in the same way to construct the other planets taking care that the measures 
of the angles be chosen in such a way that the planets be not in a straight line and they orbit with 
different angular speeds. The chosen angular measures are shown in the applet that can be found 
in the link, http://www.geogebratube.org/material/show/id /30526 , also watch the simulation. 
*** There are many applications of math in Physics where GeoGebra software is used. Many 
simulations are linked with mechanics, optics and dynamics etc. Also, there are many 
calculations that are performed using GeoGebra: calculation of centroid, of pressure and so on. 
Also, there is teaching about the principles and the laws in micro-world and macro-world, plus 
virtual laboratories. There is no space to treat them here in this paper. 
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